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Abstract: The notion of canonical almost complex structure on a homogeneous k-symmetric space of a Lie
group G has been introduced by Joseph Wolf and Alfred Gray. This work is devoted to the study of some
necessary and sufficient conditions to the integrability of such an almost complex structure. The conjugation
classes of order k elements of a Lie group G are examples of homogeneous k-symmetric spaces; we give
special attention to those spaces and use them to study the general case.
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1. Introduction
This work has been essentially motivated by the study of the following spaces: the flag
manifold of order k of a Hermitian space E , the space of compatible partially complex structures
on a Euclidean space F (in the sense of Yano) and the space rk(G) of order k elements of a Lie
group G. In fact, the first of those examples may be realized as rk(U(E)), [2], and the second
one as r3(O(F)), [3].
In the second section, besides recalling some facts concerning the space rk(G), we define,
for each pair of natural numbers k, m, a smooth equivariant submersion pk,m , from an open
subset of rkGL(V )) into rm(GL(V )), where V denotes a finite dimensional real vector space;
this submersion will play a central role in this paper. In the third section we recall the notion of
canonical almost complex structure on a homogeneous k-symmetric space of a Lie group G,
and we state some necessary and sufficient conditions for the integrability of this structure. The
fourth and fifth sections are dedicated respectively to the space rk(G), where G denotes a Lie
group, and to rk(GL(V )), where V denotes a finite dimensional real vector space. Necessary
and sufficient conditions for the integrability of the canonical almost complex structure on
rk(GL(V )) are stated in the fifth section. The general case is treated in the sixth section by
means of the adjoint representation.
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2. Notations and preliminaries
For each k ∈ N, the space rk(G) of order k elements of a Lie group G,
rk(G) = {g ∈ G : gk = e},
is a closed submanifold of G and at each g ∈ rk(G), the tangent space Tg(rk(G)) is equal to
D(Rg)e
(
ker
( k∑
s=1
Adgs
))
.
The orbits of the action by conjugation of G on rk(G) are open submanifolds of rk(G), [4].
In this section we present some algebraic remarks concerning the special case G = GL(V ),
where V denotes a finite dimension real vector space.
Let T ∈ rk(GL(V )). The complex linear extension Tc of T to the complexification V c of V
is semisimple and its eigenvalues are some of the powers λ j , where λ = e2π i/k ; moreover, the
projection p j from V c onto the eigenspace associated to λ j is
p j = 1k
k∑
s=1
λ−s j (Tc)s : V c → V c.
Now let us assume that −1 is not an eigenvalue of Tc (this is trivially true if k is odd) and
denote p = max{n ∈ N : n < k/2}. Then
Tc =
∑
| j |p
λ j p j .
Assuming that the integers j such that p j vanishes are omitted, we have a direct sum decom-
position of V
V = M0 ⊕
( ⊕
1 jp
M j
)
,
where M0 = p0(V ) and, for each integer j such that 1  j  p, M j = (p j + p− j )(V );
moreover, the projection π j from V onto M j associated to this decomposition is equal to the
restriction of the map (p j + p− j ) to V . Each vector subspace M j , j = 1, . . . , p, has a complex
structure Jj equal to the restriction of the map i(p j − p− j ) to M j ; explicitly,
Jj = csc
(
2π j
k
)
T − cot
(
2π j
k
)
Id.
Conversely, let (M0, M1, . . . , Mp) be p + 1 vector subspaces of V such that
V = M0 ⊕
( ⊕
1 jp
M j
)
,
and assume that, for each integer j such that 1  j  p, M j is endowed with a complex
structure Jj . Let π j denote the projection from V onto M j associated to this direct sum decom-
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position. Defining
ST =
p∑
j=1
j J j ◦ π j ,
we can easily deduce that the decomposition and the complex structures Jj are the ones that
correspond, by the previous process, to
T = exp
(
2π
k
ST
)
∈ rk(GL(V )),
a map that does not have the eigenvalue −1.
Hence we have constructed a one-to-one map between the open subset Rk(GL(V )) of
rk(GL(V )) consisting of those elements that do not have the eigenvalue −1 and the space
of sequences of p + 1 vector subspaces of V , (M0, M1, . . . , Mp), each of the last p endowed
with a complex structure, such that
V = M0 ⊕
( ⊕
1 jp
M j
)
.
Let us now define, for each m ∈ N, a smooth map that will be used throughout this paper,
pk,m : Rk(GL(V )) → rm(GL(V ))
by pk,m(T) = exp((2π/m) ST). From Tc =
∑
| j |p e
2π i j/k p j it follows that
pk,m(T)c =
∑
| j |p
e2π i j/m p j =
∑
−m/2<sm/2
e2π is/m
∑
| j |p,
j=smod(m)
p j .
Example 1. Let k = 14 and m = 5, and let T correspond to the sequence of 7 vector subspaces
(M0, M1, . . . , M6)
of V , with M j endowed with a complex structure Jj , for j = 1, . . . , 6. Then p14,5(T) corre-
sponds to the sequence
(M0 ⊕ M5, M1 ⊕ M4 ⊕ M6, M2 ⊕ M3),
where M1 ⊕ M4 ⊕ M6 and M2 ⊕ M3 are endowed with the complex structures
J1 ⊕ (−J4) ⊕ J6, J2 ⊕ (−J3),
respectively.
Lemma 1. Let θ ∈ rn(GL(V )) and X ∈ gl(V ). Then X ∈ Tθ (rn(GL(V ))) if, and only if, for
each eigenspace W of θ c, pW ◦ Xc ◦ pW vanishes, where pW denotes the projection from V c
onto W and Xc denotes the complex linear extension of X to V c.
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Proof. We know that θ c is semisimple: θ c = ∑nj=1 µ j p j , with µ = e2π i/n , where
p j = 1
n
n∑
s=1
µ−s j (θ c)s, j = 1, . . . , n,
is the projection from V c onto the eigenspace associated to µ j , if µ j is an eigenvalue of θ c. Let
X ∈ gl(V ). Then X ∈ Tθ (rn(GL(V ))) if, and only if,
∑n
s=1 θ
s ◦ X ◦ θ−s vanishes. Remarking
that
n
n∑
j=1
p j ◦ Xc ◦ p j =
n∑
j,r=1
n∑
s=1
µ(r− j)s p j ◦ Xc ◦ pr
=
n∑
s=1
(
n∑
j=1
µ− js p j
)
◦ Xc ◦
(
n∑
r=1
µrs pr
)
=
n∑
s=1
(θ c)s ◦ Xc ◦ (θ c)−s,
we deduce that X ∈ Tθ (rn(GL(V ))) if, and only if, p j ◦ Xc ◦ p j vanishes, for j = 1, . . . , n. 
Proposition 1. The map pk,m is a submersion from Rk(GL(V )) into rm(GL(V )), and, for each
T ∈ rk(GL(V ))
TT(rk(GL(V ))) = ker(D(pk,m)T) ⊕ Tpk,m(T)(rm(GL(V )));
moreover, if k  m, TT(rk(GL(V ))) = Tpk,m(T)(rm(GL(V ))).
Proof. We first remark that, with the usual notation,
Tc =
∑
| j |p
e(2π i/k) j p j and pk,m(T)c =
∑
| j |p
e(2π i/m) j p j .
Hence each eigenspace of Tc is contained in (equal to, if k  m) some eigenspace of pk,m(T)c,
so that
Tpk,m(T)(rm(GL(V ))) ⊂ TT(rk(GL(V ))).
Let πk and πm denote the canonical projections from GL(V ) onto OrbT and Orbpk,m(T),
respectively, defined by πk(α) = α ◦T ◦α−1 and πm(α) = α ◦ pk,m(T)◦α−1, respectively. From
the equivariance of pk,m it follows that pk,m is a submersion, and that for each Y ∈ gl(V ),
D(pk,m)T(Dπke(Y )) = Dπme(Y ) = Y ◦ pk,m(T) − pk,m(T) ◦ Y.
This implies that, if Dπke(Y ) = Y ◦T−T◦Y belongs to ker(D(pk,m)T), then Dπke(Y )commutes
with pk,m(T), hence
ker(D(pk,m)T) ∩ Tpk,m(T)(rm(GL(V ))) = {0}.
As
dim(ker(D(pk,m)T)) + dim(Tpk,m(T)(rm(GL(V )))) = dim(TT(rk(GL(V )))),
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it follows that
TT(rk(GL(V ))) = ker(D(pk,m)T) ⊕ Tpk,m(T)(rm(GL(V ))). 
Definition 1. A smooth map f : N → Rk(GL(V )), defined on a manifold N , is called m-
horizontal if, for all x ∈ N and for all u ∈ Tx N ,
D fx(u) ∈ Tpk,m( f (x))(rm(GL(V ))).
3. The canonical almost complex structure on a k-symmetric space
Let G be a Lie group, with identity e and Lie algebra G, and t : G → G be a smooth
automorphism of G of order k, i.e., t k = IdG . Let us assume that −1 is not an eigenvalue of
T = Dte ∈ Aut(G). Then Tk = Id and, with the previous notation, the Lie subalgebra p0(G)of G
is the Lie algebra of the fixed point set of t , Gt = {g ∈ G : t(g) = g}. If H is a Lie subgroup
of G such that Gt0 ⊂ H ⊂ Gt , where Gt0 is the connected component of Gt containing e, then
the homogeneous space G/H is reductive with respect to the decomposition G = p0(G)⊕ M ,
where M = ⊕1 jp(p j + p− j )(G). Since the restriction of J = ∑pj=1 i(p j − p− j ) to M is
an AdH -invariant complex structure on M , it induces a G-invariant almost complex structure
JT on G/H , called the canonical almost complex structure on G/H , characterized by the fact
that the Maurer–Cartan form at [e] is a complex linear isomorphism from (T[e]G/H, JT[e]) onto
(M, J |M), [7].
Denoting B the Killing form of the Lie algebra Gc, for all X, Y ∈ Gc and for all integers j
and q such that 0  | j |, |q|  p, if j +q = 0, B(p j (X), pq(Y )) = 0. In fact, for all X, Y ∈ Gc,
B(Tc X,TcY ) = B(X, Y ), and this implies that, for all X, Y ∈ Gc, and for all integers j and q
such that 0  | j |, |q|  p,
B(p j (X), pq(Y )) = B(Tc ◦ p j (X),Tc ◦ pq(Y )) = λ j+q B(p j (X), pq(Y )),
hence the conclusion follows. From this we deduce that the vector subspaces of G
p0(G), (p1 + p−1)(G), . . . , (pp + p−p)(G),
are mutually “orthogonal” with respect to the Killing form of the Lie algebra G.
On the other hand, it is well known that JT is integrable if, and only if, the following condition
holds, for all X, Y ∈ M :
πM [J X, JY ] − πM [X, Y ] − J ◦ πM [X, JY ] − J ◦ πM [J X, Y ] = 0. (1)
Remarking that, with the usual notation, M (1,0) = ⊕1 jp p j (Gc), we deduce that this condition
is equivalent to
∀ j, q ∈ {1, . . . , p}, ∀X ∈ p j (Gc), ∀Y ∈ pq(Gc),
[X, Y ] ∈
⊕
0 jp
p j (Gc). (2)
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Now, if j, q are integers such that | j |, |q|  p and X ∈ p j (Gc) and Y ∈ pq(Gc),
Tc[X, Y ] = [Tc X,TcY ] = λ j+q[X, Y ],
hence,
– if | j + q|  p, [X, Y ] = p j+q[X, Y ],
– if | j + q| = k/2, [X, Y ] = 0 (because −1 is not an eigenvalue of T),
– if j + q > k/2, [X, Y ] = p j+q−k[X, Y ],
– if j + q < −k/2, [X, Y ] = p j+q+k[X, Y ].
It follows that condition (2) is equivalent to
∀ j, q ∈ {1, . . . , p} : j + q > k
2
, ∀X ∈ p j (Gc),
∀Y ∈ pq(Gc), [X, Y ] = 0.
(3)
Hence we have proved the following lemma:
Lemma 2. The canonical almost complex structure JT on G/H is integrable if, and only if,
∀ j, q ∈ {1, . . . , p} : j + q > k
2
, ∀X ∈ p j (Gc),
∀Y ∈ pq(Gc), [X, Y ] = 0.
As a special case, if k = 4, the canonical almost complex structure JT on G/H is integrable,
as Wolf and Gray stated in [7].
Proposition 2. Let m ∈ N be such that k is not a multiple of m. Then the canonical almost
complex structure JT on G/H is integrable if, and only if,
pk,m(T) ∈ Aut(G).
Proof. It follows from pk,m(T)c =
∑
| j |p λ
j
m p j (where λm = e2π i/m), that, for all integers
j, q such that | j |, |q|  p, and for all X ∈ p j (Gc), Y ∈ pq(Gc),
pk,m(T)c[X, Y ] = λ j+qm [X, Y ] = [ pk,m(T)c X, pk,m(T)cY ], if | j + q|  12 k,
pk,m(T)c[X, Y ] = λ j+q−km [X, Y ] = λ
−k
m [ pk,m(T)c X, pk,m(T)cY ], if j + q > 12 k,
pk,m(T)c[X, Y ] = λ j+q+km [X, Y ] = λ
k
m[ pk,m(T)c X, pk,m(T)cY ], if j + q < − 12 k.
Since k is not a multiple of m, we deduce that pk,m(T)c is an automorphism of Gc if, and only if,
for all integers j, q such that | j |, |q|  p and | j +q| > k/2, and for all X ∈ p j (Gc), Y ∈ pq(Gc)
[X, Y ] = 0; it follows from the previous lemma that this condition holds if, and only if, the
canonical almost complex structure JT on G/H is integrable. Finally we remark that pk,m(T)c
is an automorphism of Gc if, and only if, pk,m(T) is an automorphism of G. 
Corollary 1. The canonical almost complex structure JT on G/H is integrable if, and only if
ST ∈ ∂(G), where ∂(G) denotes the Lie algebra of Aut(G).
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Proof. If JT is integrable then Proposition 2 implies that, for all X, Y ∈ G and for all m  k,
pk,m(T) − Id
1/m
[X, Y ] =
[
pk,m(T) − Id
1/m
X, pk,m(T)Y
]
+
[
X,
pk,m(T) − Id
1/m
Y
]
.
Hence, taking the limit when m → +∞ and recalling that pk,m(T) = exp ((2π/m) ST), it
follows that
ST[X, Y ] = [STX, Y ] + [X, STY ],
i.e., ST ∈ ∂(G). Conversely, if ST ∈ ∂(G) it follows immediately that, for all s ∈ N,
pk,s(T) = exp
(
2π
s
ST
)
∈ rs(Aut(G)). 
Now let us assume that G is a semisimple compact connected Lie group. Then the center Z
of G is discrete and compact, hence finite so that it is contained in
⋃
n∈N rn(G). Let us assume
also that the canonical almost complex structure JT on G/H is integrable. Corollary 1 implies
that ST ∈ ∂(G) = ad(G), hence ST = adX for some X ∈ G, and T = exp((2π/k) ST) = Adg,
where g = exp((2π/k)X). We conclude that t coincides with the conjugation by g, t = cg,
with gk ∈ Z . As Z is contained in ⋃n∈N rn(G), it follows that:
Corollary 2. If G is a semisimple compact connected Lie group and if the canonical almost
complex structure JT on G/H is integrable, then t = cg, for some g ∈
⋃
n∈N rnk(G).
The case where t = cg, for some g ∈
⋃
n∈N rn(G), will be main subject of next section.
It can be easily checked that:
Proposition 3. Let G and G ′ be Lie groups and t and t ′ be automorphisms of order k of G
and G ′, respectively, such that neither T = Dte nor T′ = Dt ′e have the eigenvalue −1. If
Gt0 ⊂ H ⊂ Gt , then every smooth morphism ψ : G → G ′ such that ψ ◦ t = t ′ ◦ ψ induces
a ψ-equivariant map G/H → G ′/G ′t ′ which is holomorphic with respect to the canonical
almost complex structures on G/H and G ′/G ′t ′ , and
a) if Dψe is a one-to-one linear map from G into G′ and if the canonical almost complex
structure on G ′/G ′t ′ is integrable, then the canonical almost complex structure on G/H is
integrable;
b) if Dψe is a linear map from G onto G′ and if the canonical almost complex structure on
G/H is integrable, then the canonical almost complex structure on G ′/G ′t ′ is integrable.
4. The canonical almost complex structure on rk(G)
Let G be a Lie group. Each g ∈ rk(G) induces a smooth automorphism of G of order k,
cg : G → G, h → cg(h) = ghg−1,
and f : G/Gcg → Orbg, [h] → hgh−1 is an equivariant diffeomorphism onto the orbit Orbg
at g, [4].
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If −1 is not an eigenvalue of Adg, then the almost complex structure j on Orbg such that f
is holomorphic, when we consider in G/Gcg its canonical almost complex structure, is called
the canonical almost complex structure on Orbg.
Proposition 4. For each g ∈ rk(G) such that −1 is not an eigenvalue of Adg, the canonical
almost complex structure on Orbg at g, jg : Tg(rk(G)) → Tg(rk(G)) is equal to
i
k
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs ◦ D(Rg−1)g.
Proof. Let g ∈ rk(G) and assume that −1 is not an eigenvalue of Adg. Denoting π :
G → G/Gcg the canonical projection from G onto G/Gcg , the canonical almost com-
plex structure on G/Gcg at π(e) is characterized by the fact that the linear isomorphism
Dπe|M : M → Tπ(e)G/Gcg is a complex linear map, where M = ker(
∑k
s=1 Adgs ), with
the complex structure J = (1/k)∑pj=1 ∑ks=1 i(λ− js − λ js)Adgs |M . Hence, the canonical al-
most complex structure on rk(G)at g, jg, is characterized by the fact that the linear isomorphism
D( f ◦ π)e|M = D(Rg)e − D(Lg)e|M : M → Tg(rk(G))
is a complex linear map. It can be easily seen that the Maurer–Cartan form of Orbg at g,
βg = D( f ◦ π)e|−1M : Tg(rk(G)) → M
is equal to −(1/k)∑k−1r=1 r Adgr ◦ D(Rg−1)g. It follows that
jg = D( f ◦ π)e|M ◦ J ◦ βg
= − 1
k2
(D(Rg)e − D(Lg)e)
p∑
j=1
k∑
s=1
i(λ− js − λ js) Adgs
k−1∑
r=1
r Adgr ◦ D(Rg−1)g
= − i
k2
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs
k−1∑
r=1
r Adgr D(Rg−1)g
+ i
k2
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs
k−1∑
r=1
r Adgr+1 D(Rg−1)g
= − i
k2
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs
k−1∑
r=1
r Adgr D(Rg−1)g
+ i
k2
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs
k∑
r=1
(r − 1) Adgr D(Rg−1)g
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= i
k
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs
(
Id − 1
k
k∑
r=1
Adgr
)
D(Rg−1)g
= i
k
D(Rg)e
p∑
j=1
k∑
s=1
(λ− js − λ js) Adgs D(Rg−1)g. 
As a trivial consequence of this result, we have:
Corollary 3. If H is a Lie subgroup of a Lie group G then the canonical almost complex
structure on rk(H) is induced by the canonical almost complex structure on rk(G). If g ∈ rk(H)
and if the canonical almost complex structure on the orbit at g of the action by conjugation
of G on G is integrable, then the canonical almost complex structure on the orbit at g of the
action by conjugation of H on H is integrable too.
5. The canonical almost complex structure on rk(GL(V ))
Now let V be a finite dimension real vector space, T ∈ rk(GL(V )), and OrbT be the orbit at
T of the action by conjugation of GL(V ). In what follows, we shall assume that −1 is not an
eigenvalue of T. Then −1 is not an eigenvalue of Adpk,2k(T) and we have:
Proposition 5. The canonical almost complex structure on the orbit Orbpk,2k(T) is integrable
and pk,2k is an equivariant diffeomorphism from OrbT onto Orbpk,2k(T).
Proof. Using the usual notation, we have Tc = ∑| j |p λ j p j , where λ = e2π i/k , hence,
denoting τ = pk,2k(T), we have τ c =
∑
| j |p µ
j p j , where µ = eπ i/k . Let α be the complex
isomorphism from gl(V )c onto gl(V c) that assigns to each Z ∈ gl(V )c the complex linear
extension, Zc, of Z to V c. It can be easily checked that
(Adτ )c = α−1 ◦ Adτ c ◦ α.
Hence, if Z ∈ gl(V )c,
(Adτ )c(Z)= α−1 ◦ Adτ c ◦ α(Z) = α−1 ◦
( ∑
| j |,|r |p
µ j−r p j ◦ α(Z) ◦ pr
)
=
∑
|s|2p
µsα−1
( ∑
| j |,|r |p,
j−r=s
p j ◦ α(Z) ◦ pr
)
.
It follows that the eigenvalues of (Adτ )c belong to {µs : |s|  2p}and that if µs is an eigenvalue
of (Adτ )c then the projection from gl(V )c onto the corresponding eigenspace is given by
Ps(Z) = α−1
( ∑
| j |,|r |p,
j−r=s
p j ◦ α(Z) ◦ pr
)
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for each Z ∈ gl(V )c. Now if X ∈ gl(V ),
(SAdτ )(X)=
∑
|s|2p
is Ps(X) =
∑
|s|2p
isα−1
( ∑
| j |,|r |p,
j−r=s
p j ◦ Xc ◦ pr
)
= α−1
( ∑
| j |,|r |p
i( j − r)p j ◦ Xc ◦ pr
)
= α−1
(( ∑
| j |p
i j p j
)
◦ Xc − Xc ◦
( ∑
|r |p
ir pr
))
= α−1(ScT ◦ Xc − Xc ◦ ScT) = ST ◦ X − X ◦ ST
= adST (X).
Hence Corollary 1 guarantees that the canonical almost complex structure jτ on Orbτ , is inte-
grable. On the other hand, it is clear that pk,2k is an equivariant diffeomorphism from OrbT
onto Orbpk,2k(T) whose inverse assigns to each θ bellowing to Orbpk,2k(T),
(pk,2k)−1(θ) = θ ◦ θ. 
Now we are going to calculate an explicit formula for the complex structure J on OrbT that
makes the diffeomorphism pk,2k holomorphic. We know that this complex structure is invariant
for the action of GL(V ) by conjugation on OrbT.
We shall use the following notation: Tc = ∑| j |p λ j p j , where λ = e2π i/k , hence, denoting
τ = pk,2k(T), τ c =
∑
| j |p µ
j p j , where µ = eπ i/k . Now Proposition 4 guarantees that, for
each γ ∈ Tτ (Orbτ ),
jτ (γ ) = i2k
k−1∑
j=1
2k∑
s=1
(µ− js − µ js) τ s ◦ γ ◦ τ−s
= i
2k
k∑
j=1
k∑
s=1
(µ−2 js − µ2 js) τ 2s ◦ γ ◦ τ−2s
+ i
2k
k∑
j=1
k∑
s=1
(µ− j(2s−1) − µ j(2s−1)) τ 2s−1 ◦ γ ◦ τ−2s+1.
From
i
2k
k∑
j=1
k∑
s=1
(µ−2 js − µ2 js) τ 2s ◦ γ ◦ τ−2s = i
2k
k∑
j=1
k∑
s=1
(λ− js − λ js) Ts ◦ γ ◦ T−s
= i
2k
k∑
s=1
k∑
j=1
(λ− js − λ js) Ts ◦ γ ◦ T−s
= 0,
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it follows that
jτ (γ ) = i2k
k∑
j=1
k∑
s=1
(µ− j(2s−1) − µ j(2s−1)) τ 2s−1 ◦ γ ◦ τ−2s+1.
On the other hand, the inverse of pk,2k : OrbT → Orbpk,2k(T), assigns to each θ ∈ Orbpk,2k(T),
(pk,2k)−1(θ) = θ ◦ θ . It follows that D(pk,2k)−1τ (γ ) = γ ◦ τ + τ ◦ γ , hence
D(pk,2k)−1τ ( jτ (γ ))
= i
2k
k∑
s=1
k∑
j=1
(µ− j(2s−1) − µ j(2s−1)) τ 2s−1 ◦ (γ ◦ τ + τ ◦ γ ) ◦ τ−2s+1
= i
2k
k∑
s=1
k∑
j=1
(µ− j(2s−1) − µ j(2s−1)) τ 2s−1 ◦ (D(pk,2k)−1τ (γ )) ◦ τ−2s+1.
We conclude that:
The complex structure J on OrbT that makes this diffeomorphism holomorphic is invariant
for the action of GL(V ) and
JT(η) = i2k
k∑
s=1
k∑
j=1
(µ− j(2s−1) − µ j(2s−1)) τ 2s−1 ◦ η ◦ τ−2s+1,
for all η ∈ TT(OrbT), where τ = pk,2k(T) and µ = eπ i/k .
Moreover, if we consider in OrbT this complex structure and if H is a Lie subgroup of
GL(V ), then, if τ = pk,2k(T) ∈ H , the orbit at T of the action by conjugation of H , OrbHT , is a
complex submanifold of OrbT. This gives, as a special case, a (well-known) invariant complex
structure on the flag manifold of order k of a Hermitian space E , realized as rk(U(E)), and a
(also well-known) invariant complex structure on the space of compatible partially complex
structures of a Euclidean space F (in the sense of Yano), realized as r3(O(F)).
From now on we will assume that −1 is not an eigenvalue of AdT (this implies that we
can talk about the canonical almost complex structure on OrbT) and also that 1 is in fact an
eigenvalue of T.
Lemma 3. The number i is not an eigenvalue of Tc.
Proof. Let us assume that i is an eigenvalue of Tc. Then k is a multiple of 4 and pk/4 does not
vanish. As we are assuming that 1 is in fact an eigenvalue of Tc, p0 does not vanish. Let us
now fix, for j = 0, 1, . . . , p, a complex basis of p j (V c), and, for j = 1, . . . , p, the basis of
p− j (V c) obtained, by conjugation, from the basis of p j (V c). Let x and x0 belong to the basis
of pk/4(V c) and to the basis of p0(V c), respectively, and let X, Y ∈ gl(V c) be defined by
i) X(x0) = x and X(y) = 0, for every y = x0 that belongs to one of the fixed basis;
ii) Y (x) = x0 and Y (y) = 0, for every y = x that belongs to one of the fixed basis.
Remarking that X = pk/4 ◦ X ◦ p0 and that Y = p0 ◦ Y ◦ p−k/4, we recognize that X and Y
are both eigenvectors corresponding to the eigenvalue i of AdTc , hence
AdTc [X, Y ] = −[X, Y ].
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As we have assumed that −1 is not an eigenvalue of AdT, it follows that [X, Y ] should vanish,
contradicting the fact that
[X, Y ](x) = X ◦ Y (x) = X(x0) = x .
We conclude that i is not an eigenvalue of Tc. 
Proposition 6. The following conditions are equivalent:
1) the canonical almost complex structure on OrbT is integrable;
2) the diffeomorphism pk,2k : OrbT → Orbpk,2k(T) is holomorphic;
3) if k/4 < j  p, then e(2π i/k) j is not an eigenvalue of Tc;
4) if k/2 < m < k, the inclusion of OrbT in rk(GL(V )) is m-horizontal.
Proof. Proposition 5 guarantees that condition (1) is implied by condition (2). Let us now
assume that the canonical almost complex structure on OrbT is integrable. Let j0 be an integer
such that k/4 < j0  p. As in the proof of the preceding result we fix, for each j = 0, 1, . . . , p,
a complex basis of p j (V c), and, for j = 1, . . . , p, the basis of p− j (V c)obtained, by conjugation,
from the basis of p j (V c). Let x0 and x j0 belong to the basis of p0(V c)and to the basis of p j0(V c),
respectively, and let X, Y ∈ gl(V c) be defined by
i) X(x0) = x j0 and X(y) = 0, for every y = x0 that belongs to one of the fixed basis;
ii) Y (x j0) = x0 and Y (y) = 0, for every y = x j0 that belongs to one of the fixed basis.
Remarking that X = p j0 ◦ X ◦ p0 and that Y = p0 ◦ Y ◦ p− j0 , we recognize that X and Y
are both eigenvectors corresponding to the eigenvalue e2π i j0/k of AdTc , hence Lemma 2 implies
that [X, Y ] vanishes, because 2 j0 > k/2; this contradicts the fact that
[X, Y ](x j0) = X ◦ Y (x j0) = X(x0) = x j0 .
It follows that p j0 must vanish. We deduce that condition (1) implies condition (3).
Now let us assume that, for each integer j such that k/4 < j  p, e(2π i/k) j is not an
eigenvalue of Tc, and let τ denote pk,2k(T). Then Lemma 3 implies that Tc =
∑
| j |<k/4 λ
j p j ,
where λ = e2π i/k , hence
τ c = (pk,2k(T))c =
∑
| j |<k/4
µ j p j ,
where µ = eπ i/k , and, for all X∈ gl(V c),
AdTc(X) =
∑
| j |,|r |<k/4
λ j−r p j ◦ X ◦ pr =
∑
|s|p
λs
∑
| j |,|r |k/4,
j−r=s
p j ◦ X ◦ pr
and
Adτ c(X) =
∑
| j |,|r |<k/4
µ j−r p j ◦ X ◦ pr =
∑
|s|p
µs
∑
| j |,|r |k/4,
j−r=s
p j ◦ X ◦ pr .
This shows that the eigenvalues of AdTc and of Adτ c belong to {λs : |s|  p} and to {µs :
|s|  p}, respectively, and that, for each integer s such that |s|  p, λs is an eigenvalue of
AdTc if, and only if, µs is an eigenvalue of Adτ c . Moreover, if λs is an eigenvalue of AdTc ,
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the eigenspace of AdTc corresponding to λs is equal to the eigenspace of Adτ c , corresponding
to µs . From this it can be easily seen that pk,2k is holomorphic, so that we have proved that
condition (3) implies condition (2).
Finally, let us prove the equivalence between the two last conditions. We first remark that,
for each integer m such that k/2 < m < k, the inclusion of OrbT in rk(GL(V )) is m-horizontal
if, and only if,
TT(rk(GL(V ))) = Tpk,m(T)(rm(GL(V ))).
By Lemma 1 this is equivalent to say that Tc and pk,m(T)c have the same eigenspaces. Now, if
condition (3) holds,
Tc =
∑
| j |<k/4
λ j p j and pk,m(T)c =
∑
| j |<k/4
e2π i j/m p j ,
where λ = e2π i/k , hence, as k/4 < m/2, Tc and pk,m(T)c have the same eigenspaces. Con-
versely, let us assume that Tc and pk,m(T)c have the same eigenspaces, for each m such that
k/2 < m < k, and let j be an integer such that k/4 < j < k/2. Then, from k/2 < 2 j < k, it
follows that Tc and pk,2 j (T)c have the same eigenspaces. Remarking that
pk,2 j (T)c ◦ p j = −p j , pk,2 j (T)c ◦ p− j = −p− j
we deduce that p j (V c) and p− j (V c) are both contained in the eigenspace of V c corresponding
to the eigenvalue −1 of pk,2 j (T)c; hence both p j and p− j vanish and neither λ j nor λ− j are
eigenvalues of Tc. We conclude that condition (3) holds. 
Corollary 4. If k is even, the canonical almost complex structure on OrbT is integrable if, and
only if, T = pk/2,k(T2).
Proof. With the usual notation, we have Tc = ∑| j |p λ j p j , where λ = e2π i/k . From
(T2)c=
∑
| j |p
λ2 j p j = p0 +
∑
0<| j |<k/4
λ2 j p j +
∑
k/4<| j |p
λ2 j p j
= p0 +
∑
0< j<k/4
λ2 j (p j + p j−k/2) +
∑
−k/4< j<0
λ2 j (p j + p j+k/2),
it follows that
pk/2,k(T2)c = p0 +
∑
0< j<k/4
λ j (p j + p j−k/2) +
∑
−k/4< j<0
λ j (p j + p j+k/2).
Hence T = pk/2,k(T2) if, and only if, p j vanishes, for all integer j such that | j | > k/4, i.e., if,
and only if, for all integer j such that k/4 < j  p, e(2π i/k) j is not an eigenvalue of Tc. Now
the statement follows from the preceding proposition. 
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6. The adjoint representation.
Now let G be a Lie group and t : G → G a smooth automorphism of order k of G, such
that −1 is not an eigenvalue of T = Dte ∈ rk(GL(G)). Let H be a subgroup of G such that
Gt0 ⊂ H ⊂ Gt . Then we may consider the Ad-equivariant map φ : G/H → rk(GL(G)) such
that φ ◦ π(e) = T, i.e., φ ◦ π(g) = Adg ◦ T ◦ Adg−1 = Adgt(g)−1 ◦ T, for all g ∈ G. As
Adt(g) = T ◦ Adg ◦ T−1 ∀g ∈ G,
Proposition 3 implies that
Proposition 7. If −1 is not an eigenvalue of AdT then the smooth map φ is holomorphic, with
respect to the canonical almost complex structures on G/H and OrbT.
Proposition 8. The canonical almost complex structure on G/H is integrable if, and only if,
for every integer m such that k/2 < m < k, φ is m-horizontal.
Proof. We first remark that, for each m ∈ N, φ is m-horizontal, i.e., the following condition
Dφπ(g)(Tπ(g)(G/H)) ⊂ Tpk,m(φ◦π(g))(rm(GL(G)))
holds for all g ∈ G if, and only if, it holds at g = e, because pk,m is an equivariant map. On
the other hand, Dφπ(e)(Dπe X) = adX ◦ T − T ◦ adX , for all X ∈ G. Remarking that
Tpk,m(T)(rm(GL(G))) = ker
m∑
s=1
Adpk,m(T)s
it follows that, for each m ∈ N, φ is m-horizontal if, and only if,
m∑
s=1
pk,m(T)s ◦ (adX ◦ T − T ◦ adX ) ◦ pk,m(T)−s = 0
for all X ∈ G, i.e., if, and only if,
m∑
s=1
pk,m(T)s ◦ [X, pk,m(T)−s(Y )] = 0,
for all X ∈ ⊕1 jp M j and Y ∈ G, (where M j is the eigenspace of Tc associated to e2π i j/k ,
if e2π i j/k is an eigenvalue of Tc, and is equal to {0}, otherwise). From Tc = ∑| j |p e2π i j/k p j it
follows that, for all integer m such that k/2 < m < k,( m∑
s=1
pk,m(T)s
)c
=
∑
| j |p
m∑
s=1
(e2π i j/m)s p j = mp0.
Now, let us assume that the canonical almost complex structure on G/H is integrable and that
m is an integer such that k/2 < m < k. As k is not a multiple of m, Proposition 2 guarantees
that pk,m(T) ∈ Aut(G), hence, if X ∈
⊕
1 jp M j and Y ∈ G,
m∑
s=1
pk,m(T)s ◦ [X, pk,m(T)−s(Y )] = [mp0(X), Y ] = 0.
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It follows that φ is m-horizontal. Conversely, let us assume that φ is m-horizontal, for each
integer m such that k/2 < m < k. We will use Lemma 2 to prove that the canonical almost
complex structure on G/H is integrable. Let j, q ∈ {1, . . . , p} be such that j + q > k/2 and
let X j , Xq ∈ Gc be such that X j = p j (X j ) and Xq = pq(Xq). Then k/2 < k − j < k, hence
φ is (k − j)-horizontal. Remarking that
[X j , Xq] = p j+q−k[X j , Xq],
it follows that
0 =
k− j∑
s=1
pk,(k− j)(T)s[X j , pk,(k− j)(T)−s(Xq)] = (k − j)[X j , Xq].
We conclude that the canonical almost complex structure on G/H is integrable. 
As a trivial consequence of Propositions 6 and 8 we have
Corollary 5. If the canonical almost complex structure on OrbT is integrable then the canonical
almost complex structure on G/H is integrable.
Now Proposition 3 guarantees that the smooth morphism Ad : G → Aut(G) induces an
Ad-equivariant holomorphic map from G/H into the orbit at T with respect to the conjugation
action of Aut(G), because Ad ◦ t = cT ◦ Ad. If G is a semisimple Lie group then, denoting ∂(G)
the Lie algebra of Aut(G),
ad : G → ad(G) = ∂(G)
is an isomorphism. Hence, using Proposition 3 again, we deduce that
Proposition 9. If G is a semisimple Lie group then the canonical almost complex structure on
G/H is integrable if, and only if, the canonical almost complex structure on the orbit at T with
respect to the conjugation action of Aut(G) is integrable.
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